An analog of the mean value theorem for harmonic functions on Cayley tree is proved in this paper.
Introduction
A tree is connected acyclic graph. One special case of such graph is a Cayley tree. A Cayley tree is an infinite tree in which each vertex has exactly k + 1 incident edges (the Cayley tree of order k 1). Let Γ k = (V, L) be the Cayley tree of order k 1, where V and L are the vertex set and the edge set, respectively.
If x, y ∈ V are the endpoints of an edge l ∈ L then x and y are said to be adjacent. In this case we write l =< x, y >. The distance on the Cayley tree d(x, y), x, y ∈ V is determined by the formula
The sequence π = {x = x 0 , x 1 , ..., x d−1 , x d = y ∈ V } is referred to as path from x to y. Definition 1. A function u : V → R is said to be harmonic on Cayley tree if it satisfies the discrete Laplace equation
where W 1 (x) is the set of vertices adjacent to x.
To define a discrete ball and sphere [1] let us fix a point x ∈ V .
Definition 2. The set
is said to be a ball of radius n and center x. The set W n = {y ∈ V : d(x, y) = n} is a discrete sphere of radius n and center x ∈ V .
The mean value theorem plays an important role in the classical potential theory. According to this theorem, the value of harmonic function at the center of a sphere is equal to arithmetic average of its values on the surface of this sphere. This theorem can be also formulated for a ball: the value of harmonic function at the center of the ball is equal to arithmetic average of its values in points of this ball.
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Mean value theorems
Theorem 1. If u(x) is a harmonic function on Γ k = (V, L) then for any vertex x ∈ V and for any natural number m the following relation holds
where |W m (x)| = k m−1 (k + 1) is the number of points of sphere W m (x).
Proof. We prove by induction. For m = 1 relation (2) has the same from as (1). For m = 2 relation (2) has form
Let us prove relation (3) . By using relation (1), we have
From the last relation we find u(x):
Suppose that relation (2) is true for m = 1, n:
Using (4), we prove relation (2) for m = n + 1:
By induction we have
Hence, from (5) we obtain
Hence we have
The following theorem is a discrete analog of the mean value theorem for a ball. u(y).
Note that 
